It is shown that the dynamical evolution of linear perturbations on a static space-time is governed by a constrained wave equation for the extrinsic curvature tensor. The spatial part of the wave operator is manifestly elliptic and self-adjoint. In contrast to metric formulations, the curvature-based approach to gravitational perturbation theory generalizes in a natural way to self-gravitating matter fields. It is also demonstrated how to obtain symmetric pulsation equations for self-gravitating non-Abelian gauge fields, Higgs fields and perfect fluids. For vacuum fluctuations on a vacuum space-time, the Regge-Wheeler and Zerilli equations are rederived.
I. INTRODUCTION
Perturbation theory finds several interesting applications in general relativity. A prominent example is the close limit approximation to black hole collisions [1] . Besides providing estimates for the energy emitted by gravitational radiation, the close limit results also play an important role in testing existing numerical codes for full non-linear general relativity. Further examples comprise the linear stability analysis of neutron stars or black holes with matter fields. Recently, a perturbation approach has also been used to find new stationary solutions and to prove local uniqueness results for hairy black holes and self-gravitating solitons [2] [3] [4] .
For vacuum gravity perturbation theory is highly developed, and even for self-gravitating systems important general properties of the perturbation equations were established. In particular, it has been shown that a manifestly hyperbolic, gauge-invariant formulation of gravitational perturbation theory does exist for static background configurations [5] , [6] . On the other hand, it is known for a wide class of matter models that the pulsation equations governing spherical perturbations of static, spherically symmetric field configurations are manifestly symmetric and derivable from the second variation of the Komar mass [7] . However, only for special systems, such as vacuum gravity and the EinsteinMaxwell system for a spherically symmetric background, formulations are known for which the perturbations are governed by a wave equation which is hyperbolic and symmetric. Symmetric formulations are most valuable, since they provide the possibility to discuss stability issues by rigorous means, applying methods from spectral theory.
The commonly adopted procedure to derive the perturbation equations for spherically symmetric black holes is to first use the symmetry of the background in order to expand the metric in terms of spherical harmonics. Then, the pulsation equations are derived for gauge-invariant quantities. For vacuum perturbations of vacuum gravity, this leads to the Regge-Wheeler equation [8] in the odd-parity sector and to the Zerilli equation [9] for evenparity perturbations. Both equations have the form of symmetric wave equations and, as an important consequence, the stability of the Schwarzschild metric within linear perturbation theory can be established. This result was extended to the Einstein-Maxwell system by Moncrief [10] . While also starting with an expansion of the metric in spherical harmonics, Moncrief uses the ADM Hamiltonian to find a symmetric wave equation. In particular, he introduces gauge-invariant quantities and at the same time, separates the constraint variables from the dynamical variables.
As we have argued in a recent letter [11] , the metric approach fails to yield hyperbolic and symmetric equations in the presence of general gravitating matter fields: In order to obtain a wave operator appearing already offshell, one has to introduce amplitudes which are adapted to the stationarity rather than the spherical symmetry of the background. Using ideas introduced by ChoquetBruhat et al. for full, non-linear general relativity [5] , we show that a hyperbolic, symmetric wave equation for the extrinsic curvature can be obtained by natural means when the background is static. In contrast to the traditional, metric based approach, our curvature based approach is manifestly gauge-invariant, hyperbolic and symmetric without using the spherical symmetry of the background. More importantly, we also show that a natural generalization to self-gravitating fields is possible, including non-Abelian gauge fields and perfect fluids.
This work is organized as follows: In Section II, we show how to obtain a manifestly hyperbolic and symmetric wave operator for the perturbation of the extrinsic curvature on a static background. Then, in Section III, we specialize the result on a vacuum background and discuss the initial value formulation and the projection onto the constraint manifold. The coupling to Yang-MillsHiggs fields and to perfect fluids is discussed in Sections IV and V, respectively. In Appendix A, we show how to separate the constraint and dynamical variables and rederive the Regge-Wheeler and Zerilli equations in quite a natural way. Finally, in Appendix B, we recall a useful field theoretical formulation of perfect fluids and show how this formulation applies to perturbation theory.
II. THE CONSTRUCTION OF THE WAVE OPERATOR
The goal is to linearize the equations governing selfgravitating matter fields for a static background and to bring the perturbation equations into the form of a symmetric wave equation,
where u describes the perturbed gravitational and matter fields, and where A is a (formally) self-adjoint, elliptic operator containing spatial derivatives up to second order. In particular, this implies that equation (1) is hyperbolic, which guarantees a well-posed initial value formulation. Furthermore, as the spatial operator A is self-adjoint, methods form spectral theory can be applied and stability issues can be discussed analytically. In order to give some motivation for the ideas developed below, we construct the wave operator belonging to the source-free Maxwell equations in flat space-time. In view of a generalization to non-Abelian gauge groups it is convenient to formulate Maxwell's equations in terms of the electric one-form, E, and the magnetic potential one-form, A, where B = * dA. Maxwell's equations constitute a system of constrained evolution equations, with Gauss constraint
and evolution equationṡ
Here, the codifferential operator
Note that there is no evolution equation for the electric scalar potential φ. This reflects the gauge freedom of the theory. Usually, a wave equation for A is derived by imposing the Lorentz gauge conditionφ+d † A = 0. However, A is not gauge-invariant. In order to obtain a hyperbolic wave equation in terms of the gauge-invariant quantity E, we differentiate the second evolution equation with respect to t, eliminateȦ using the first evolution equation and add the differential of the constraint equation. This yields
which is of the desired form (1). The initial value problem may be solved as follows: First, any function φ(t, x) is chosen. Next, initial data A t=0 and E t=0 are given, where E t=0 is subject to the Gauss constraint. Then,Ė t=0 is computed from the second evolution equation, where d †Ė t=0 = 0 automatically follows. In a next step, E t is computed for all times using the symmetric wave equation. Finally, the magnetic potential is obtained from
The Gauss constraint and the second evolution equation, which was differentiated in order to get the wave operator, are both constraint equations for the initial data. It is easy to see that they propagate.
A gauge-invariant wave operator governing linear fluctuations of self-gravitating fields on a static background can be constructed in a similar manner. First, we notice that a manifestly symmetric formulation of the perturbation equations for a vacuum space-time exist:
Here, G µν is the Einstein tensor, η is the volume form on M and the tensor G αβµν is given in terms of the Riemann tensor, R α βµν , the Ricci tensor, R βν = R µ βµν , and the Ricci scalar, R = R µ µ , by
Clearly, the operator on the right-hand side (RHS) of Eq. (2) is formally self-adjoint with respect to the inner product
In order to get an evolution equation for the perturbed geometry on a static background, our program is the following:
1. First, we perform a 3+1 decomposition of Eq. (2) for a static background. The resulting equations are, of course, still symmetric with respect to the inner product (3), but split into two sets, comprising the constraint equations and the evolution equations, respectively 2. Among the 10 components of δg αβ , 4 correspond to infinitesimal coordinate transformations. Hence, one has to fix this gauge, or better, to construct 6 gauge-invariant amplitudes. For a static background the components of the linearized extrinsic curvature tensor are gauge-invariant, up to a reparametrization of time. If, in addition, spacetime is spherically symmetric, full gauge-invariant quantities can be constructed from the components of the extrinsic curvature tensor.
3. The perturbation equations will be put into the desired form (1), where the spatial operator A is first required to be elliptic. In order to achieve this, ideas introduced by Choquet-Bruhat et. al. [5] are used. Extending their method, the spatial operator is finally made symmetric with respect to the inner product (3), where g αµ g βν is replaced by its spatial partḡ ikḡjl .
A. The ADM equations
The Arnowitt-Deser-Misner (ADM) formalism provides a 3 + 1 decomposition of (the portion of) spacetime with topology M ≡ IR × Σ, where Σ is a threedimensional Riemannian manifold. The manifold M is foliated by a one-parameter family of embeddings e t : Σ → M , t ∈ IR, where the hypersurfaces Σ t ≡ e t (Σ) are assumed to be space-like. With respect to this foliation, the timelike vector field ∂ t is decomposed according to ∂ t = α n + β, where n is a normal unit vector field orthogonal to Σ t , and β is tangential to Σ t . The metric assumes the form
where the x i are local coordinates on Σ, andḡ is the induced Riemannian metric on Σ t . With respect to the metric (4), the Einstein tensor becomes
and
where the index zero refers to the normal vector field e 0 = n = 1 α (∂ t − β). The K ij denote the components of the extrinsic curvature,
where K is the trace of K ij , K =ḡ ij K ij . All quantities with a bar refer to the Riemannian metricḡ. The tensor G ijkl is the De Witt metric on the space of symmetric, positive definite matrices,
Equations (7) and (8) are a set of evolution equations for the 3-dimensional metricḡ and the extrinsic curvature K, whereas eqs. (5) and (6) are constraint equations. The freedom to choose the slicing is reflected by the fact that there are no evolution equations for the lapse, α, and the shift, β. The Bianchi identities,
guarantee that the Hamiltonian and the momentum constraints, eqs. (5) and (6) respectively, propagate. A convenient choice for the lapse and the shift is given by the gauge conditions K = const., β = 0, for which the ADM equations simplify considerably. (For asymptotically flat space-times this implies the maximal slicing condition K = 0.) In particular, one has for con-
In vacuum, this yields an elliptic equation for the lapse α, which, in a numerical evolution scheme, has to be solved after each time step.
B. Coordinate-invariant quantities
In a static space-time it is convenient to choose an adapted slicing (i.e. orthogonal to ∂ t ), such that β = 0, ∂ t α = 0 and ∂ tḡij = 0. As a consequence, the extrinsic curvature tensor vanishes,
The metric then becomes g = −α 2 dt 2 +ḡ, while the ADM equations reduce to
Now consider a tensor field T µν on M , which is static on the background,Ṫ µν = 0, T tj = T it = 0. Under an infinitesimal coordinate transformation,
where here and in the following a dot denotes differentiation with respect to t, and f j ≡ ∂ j f . Using δg tt = −2αδα and δg tj = δβ j , as well as the formulae α 2 δT 00 = δT tt − 2T tt δα/α, αδT 0j = δT tj − T ij δβ i , the metric and the Einstein tensor transform according to
The above transformation properties imply that one can construct "vector-invariant" quantities, i.e., quantities which are invariant under the subset of transformations generated by vector fields (X µ ) = (f, X i ) with f = 0:
The fact that δġ (inv) ij = 2αδK ij suggests that -from the ADM point of view -the natural gauge-invariant perturbations on a static background are the extrinsic curvatures, rather than the metric fields. We are, therefore, looking for a symmetric wave equation in terms of the perturbed extrinsic curvature tensor δK ij .
C. The linearized ADM equation
The derivation of the linearized field equations is considerably simplified by choosing an appropriate gauge. For a static background the vector field X j in Eq. (13) can be arranged such that δβ j = 0. (Note, however, that this gauge is not adapted to describe stationary perturbations.) In this gauge, the perturbed quantities δα, δġ and δĠ µν coincide with their vector-invariant counterparts constructed above. The remaining residual gauge freedom is generated by the vector field (
Here and in the following, we use the notation 2ω (ij) ≡ ω ij + ω ji . Using the fact that quadratic terms in K give no contributions if the background is static, the linearized ADM constraint equations become
while the evolution equations are
A wave equation for δK is obtained as follows: One first differentiates Eq. (19) with respect to t and uses Eq. (18) to eliminate δġ. Applying the general formulae
to the variation of the Einstein tensorḠ ij in three dimensions, and also using the background equations (11), then yields the following expressions in terms of the vectorinvariant amplitudes:
where the d'Alembertian is defined according to
and where
In addition, we consider the equation
As expected from the general formula (2), the spatial part of the operators in (S 00 , S ij ) is symmetric in u = (A, L ij ) with respect to the inner product
Furthermore, one has the following constraint equation for L ij :
The system S ij still has the following drawbacks: First, the spatial operator is not elliptic: Considering, in particular, perturbations of the form L kl = 1 3 Lḡ ij , the second
In order to overcome these problems, we first apply ideas introduced in [5] , where it was shown that the spatial operator becomes elliptic after using the momentum constraint (25) and its spatial derivatives. Slightly changing the procedure outlined in [5] , this can be achieved without destroying the symmetry of the final operator. It turns out that the combination
almost yields the desired result:
(The main difference between Λ ij and the Ω ij introduced in [5] lies in the symmetrizing terms.) In order to obtain a symmetric wave equation, one makes use of the residual gauge freedom (16) 
which yields a hyperbolic wave-operator, which is, however, only symmetric with respect to the inner product induced by the indefinite de Witt metricḠ ijkl . This possibility has been considered in [11] .
In order to get a positive kinematic energy metric, it seems unavoidable to choose the maximal (or constant mean curvature) slicing condition,
(This gauge may not always exist if the background manifold Σ is closed. In fact, Eq. (16) shows that one has to solve an elliptic equation for f in order to get L = 0.) Adopting the maximal gauge, the trace-less part of Λ ij yields a manifestly hyperbolic, self-adjoint operator for the symmetric, trace-less tensor L ij . However, the perturbations of the lapse are still present in this gauge. The amplitude A obeys an elliptic equation which corresponds to the trace of Λ V ij . Hence, the system is of mixed hyperbolic-elliptic type. However, as will be shown below, all terms involving A disappear when the operator in Λ ij is protected onto the constraint manifold defined by (25).
D. The linearized Bianchi identities
In the following the linearized version of the Bianchi identities (9) will be needed. In particular, we want to show explicitely that the constraint equation (25) propagates. The ADM metric (4) with β = 0 has the following Christoffel symbols:
Using this in Eq. (9) yields the 3 + 1 decomposition of the Bianchi identities:
Linearizing Eq. (29) on a static background yields
which shows that no new constraint equations for δK ij are obtained when the Hamilton constraint is differentiated with respect to t. Using Eq. (31), the linearized version of Eq. (30) becomes
where Λ ij is given in (26). The constraint variables C j are defined according to
and (BG) denotes terms which are proportional to components of the Einstein tensor. The fact that Eq. (32) also holds for the stress-energy tensor if the matter equations are satisfied, implies that these terms need not be considered any longer, provided that δG µν is replaced by δG µν − 8πGδT µν in Eqs. (32) and the definition of the C j . Hence, if the evolution equations, Λ ij = 0, and the background equations are fulfilled, it follows that the constraints C j propagate. Note that the operator governing the C j in Eq. (32) is hyperbolic and symmetric.
E. Summary
The linearized Einstein equations for a static background yield a hyperbolic, formally self-adjoint operator for the variation of the extrinsic curvature. This quantity is coordinate-invariant with respect to infinitesimal diffeomorphisms within the slices orthogonal to ∂ t . The wave operator is constructed from the combination Λ ij defined in (26). In the maximal slicing gauge, δK = 0, this yields (using also the background equation
whereΛ ij denotes the trace-less part of Λ ij , and where the trace-less symmetric tensor L ij and the scalar A are defined by
These quantities are subject to the residual gauge trans-
provides a closed set of evolution equations for (L ij , A), which is manifestly hyperbolic and symmetric in L ij and elliptic in A. The operator −∆ + R 00 in equation (33) is non-negative if the strong energy condition and the background equations hold, i.e., if R 00 ≥ 0.
Furthermore, L ij obeys the momentum constraint equation
The constraint variables,
propagate by virtue of Eq. (32). Finally, the differentiated Hamilton constraint yields
and the system (Λ 00 ,Λ ij ) is symmetric in (A, L ij ) with respect to the inner product defined in (24).
III. THE VACUUM EQUATIONS
We start by analyzing the wave operator for vacuum perturbations of a static vacuum space-time. By virtue of the constraint equation
the equation Λ 00 = 0 is fulfilled and Eq. (33) can be rewritten as∆
The Laplacian on the left-hand side (LHS) is elliptic and symmetric on the dense subspace of C ∞ -functions in the Hilbert space L 2 (Σ,η). As a consequence, its image is equal to the orthogonal complement of its kernel. If Σ is compact, the kernel ker∆ is the set of constant functions on Σ. If Σ is not compact, but all perturbations vanish sufficiently fast at space-like infinity, ker∆ is trivial. In either case, the RHS of (37) is orthogonal to ker∆ and therefore lies in the image of∆. This shows that equation (37) is solvable. A solution, which is unique up to the addition of an element in ker∆, can be written formally as
where∆ denotes the restriction of∆ on the orthogonal complement of ker∆.
A. The initial value formulation
A necessary condition for Einstein's equations to hold is that the evolution equationsΛ ij = 0 and the constraint equations (36) are satisfied. In order to find a solution of Einstein's equations, these equations must, however, be supplemented with
The first equation is the linearized Hamilton constraint, while the second equation is the evolution equation which earlier was differentiated with respect to t to construct the wave operator.
The linearized Einstein equations are solved as follows:
1 4. Evolve (A, L ij ) via the equationΛ ij = 0 and equation (38).
5. The linearized metric coefficients are eventually obtained from
Note that in contrast to the full non-linear constraint equations, the linearized Hamilton and momentum constraint decouple. (This follows from the fact that K vanishes on the background.) The "linearized" conformal method to solve the Hamilton constraint is to split
in its trace and trace-less parts. Inserting this into Eq. (39) yields
Again, the RHS of this equation is orthogonal to the kernel of the operator on the LHS, which is symmetric and elliptic. Therefore, the trace-less partm ij can be specified freely, and the above equation can be solved for φ. How to solve the linearized momentum constraint is explained below.
B. The projection onto the constraint manifold
Our next aim is to extract the "pure dynamical degrees of freedom" by solving the momentum constraint, and to project the wave operator onto the space of dynamical variables. For vacuum perturbations this can be achieved by using the "York decomposition" [12] .
First, we replace L ij by
Let T denote the space of all C ∞ symmetric, trace-less covariant tensor fields on Σ, and let V denote the space of all C ∞ vector fields on Σ. We assume that either Σ is compact or all tensor fields vanish sufficiently rapid on the "border" of Σ. Consider the operator
and let W ∈ V and Z ∈ T . With respect to the inner products on V and T induced byḡ ij , we have
where
The operator L † L : V −→ V is symmetric, positive semidefinite and elliptic. Its kernel ker(L † L) = ker L consists of all conformal Killing vector fields on Σ. As a consequence, we can solve the equation
where (L † L) denotes the restriction of L † L on the orthogonal complement of its kernel, and where W 0 ∈ ker L.
The orthogonal projector on the constraint manifold
can therefore be represented as
Any symmetric, trace-less tensor field Z ∈ T can be decomposed according to
α is trace-less and divergencefree, and where
conformal properties which play an essential role in solving the full non-linear constraint equations [12] . In our case, the linearized momentum constraint is solved by taking
whereZ ij is any symmetric, trace-less tensor field on Σ. Of course, this requires the computation of (
which is a non-local operator. Consider now the wave operator √ αΛ ij defined in (34). It has the form
where A is a spatial, elliptic and self-adjoint operator and the functions b ij (A) are given by
By virtue of the linearized Bianchi identity (32), it follows that the spatial operator defined by
where A is given by (38), maps the constraint manifold C into itself. (In particular, this implies that the momentum constraint propagates.) As a consequence, we have
(still provided that equation (38) holds). Now it easy to see that the b ij map into a space which is orthogonal to the constraint manifold. Indeed, the spatial operator in the system √ α(Λ 00 ,Λ ij ) can be shown to have the form
As mentioned above, b † P = 0, also implying that P b = 0. Thus, the wave equation restricted to the constraint manifold takes the form of a symmetric wave equation,
whereÃ ≡ P AP is a (formally) self-adjoint spatial operator.
In conclusion, we have shown that the wave operator, projected onto the (momentum) constraint manifold, yields a symmetric wave equation for the symmetric, trace-less tensor Z ij = √ αδK ij . As expected, the variation of the lapse does not appear in this equation. The following two difficulties remain: First, the quantity Z ij is not coordinate-invariant with respect to reparametrization of time. Hence, we have not yet isolated all physical degrees of freedom. The second difficulty is to find an explicit characterization of the constraint manifold in order to have an explicit representation of the operatorÃ. We have not yet solved these problems for an arbitrary static background. However, the additional structure provided by a spherically symmetric background, enables one to solve both problems. This is discussed in Appendix A, where a natural derivation of the Regge-Wheeler and Zerilli equations is given.
C. Locally flat space-times
To conclude this section, we briefly specialize to the case where α ≡ 1. Using the background equations (11), this implies that (Σ,ḡ) is locally flat. Equation (33) then yields A = A(t), and the pulsation equation reduces to
These equations are well-known from the weak-field limit of general relativity. They can be solved by Fourier transformation. In particular, it follows that all vacuum spacetimes, which can be represented by I × Σ with I ⊆ IR and Σ locally flat, are linearly stable.
IV. THE COUPLING TO YANG-MILLS-HIGGS FIELDS
An important new feature of the formulation presented in this paper is the fact that it extends to gravitating matter fields in a natural way. As mentioned earlier, this is due to that -in contrast to the traditional metric approach -the wave operator governing the variation of the extrinsic curvature appears already off-shell.
In this section, we show that the equations governing fluctuations of a static solution to the EinsteinYang-Mills-Higgs (EYMH) equations assume the form of a symmetric wave equation. While this is explicitely established for the triplet case, we emphasize that it holds true whenever the gauge group is a compact Lie group. (Compactness guarantees the existence of an Adinvariant scalar product on the Lie algebra.)
A. The ADM equations
In the ADM formalism, the gauge potential A is parametrized in terms of a scalar field Φ ≡ −i ∂n A and a one-formĀ (both Lie algebra valued),
Similarly to the extrinsic curvature, K ij = 1 2 L n g ij , in the gravitational case, the electric one-form is defined by In terms of these quantities, the ADM decomposition of the YMH equations yields the following equations (which we list here only for vanishing shift, β = 0, since they will be needed only for a static background and in a gauge with δβ = 0; the general case is obtained after the substitution
The evolution equations comprise the definition of E and Π,
respectively, and the equations
All quantities with a bar refer to the 3-metricḡ and to the magnetic part of the potential,Ā. Also, E i ≡ḡ ij E j is raised with the 3-metric. The Higgs potential V is assumed to be a function of |H| 2 = Tr(H 2 ) only, with derivative V .
There is no evolution equation for the electric potential Φ, which reflects the invariance of the theory with respect to gauge transformations of the gauge potential A. In fact, Φ plays a similar role as the shift β for the gravitational ADM equations. It is easy to see that the Gauss constraint propagates as a consequence of the identity In order to solve the coupled EYMH equations, the 3+1 decomposition of the stress-energy tensor
Here, Tr denotes an Ad-invariant innerproduct on the Lie algebra. The complete set of EYMH equations in the ADM formalism is now obtained from the expressions (5), (6) and (7) for the Einstein tensor, and the definition (8) of the extrinsic curvature.
B. Gauge-invariant quantities
For a static background the slicing may be chosen such that g = −α 2 dt 2 +ḡ and K ij = 0. As a consequence, G i0 = 0, and it is consistent to set E = 0 and Π = 0. Hence, we are considering a static, purely magnetic background:
whereĀ and H do not depend on t. The YMH equations reduce to * D *
The perturbed amplitudes, δΦ, δE, δH and δΠ are subject to both coordinate and gauge transformations. Since E and Π vanish on the background, we except them to be gauge-invariant to first order: Under infinitesimal coordinate transformations generated by a vector field X = (f, X i ), one finds, using the same formulae as in section II B:
Therefore, δE and δΠ are vector-invariant quantities.
Under an infinitesimal gauge transformation generated by a Lie-algebra valued scalar χ, we find that
whereas δE and δΠ remain invariant. Hence, the gaugeinvariant quantities to evolve are the perturbed electric one-form and the perturbed Higgs momentum.
C. The linearized equations
In order to simplify the derivation of the wave operator, it is convenient to choose the gauge function χ such that δΦ = 0. In this gauge, the linearized ADM Gauss constraint becomes
while the ADM evolution equations are
These equations have exactly the same structure as the gravitational equations (17), (18) and (19), where δ˙Ā i , δḢ, δġ ij , as well as δE i , δΠ, δK ij correspond to each other. In order to obtain a wave equation for δE and δΠ, we therefore differentiate the two equations in (43) with respect to t. Again defining vector-invariant quantities according to
and also using
yields the following expressions:
for the linearized YM equations and the linearized Higgs equations, respectively. Here, we have also used the background equations (42). Equations (44) and (45) provide a system of evolution equations for E and Ψ, which is manifestly symmetric with respect to the inner product
However, we are again faced with the problem that the evolution equation governing E is not hyperbolic. Like in the gravitational case, a hyperbolic wave operator can be constructed without loosing the symmetry. Again, the strategy is to add suitable combinations of the linearized Gauss constraint,
and its spatial derivatives. Furthermore, one can use the linearized momentum constraint,
in order to eliminate the divergence terms of L ij in the last lines of Eqs. (44) and (45). The motivation for this (besides eliminating first order derivatives) is the following: We will see that the adjoint of the operator governing the matter perturbation in the linearized stress-energy tensor contains no divergence term. In order to formulate the linearized EYMH equations as a symmetric wave equation, no divergences of L ij must therefore appear in the YMH equations. The correct combinations turn out to be
This yields the following hyperbolic, symmetric equations:
where the d'Alembertians are defined by
and where -for Lie-algebra valued p-forms ω onMthe operator adjoint ofD isD † ω = (−1) p * D * ω. In order to complete the pulsation equations, we still have to compute the linearized stress-energy tensor: Using the background equations and
one finds that the expression for Λ ij -defined in (26) with G µν replaced by G µν − 8πGT µν -is given by
where Λ V ij is defined in Eq. (27). The matter perturbations arising in Λ ij perfectly fit together with the gravitational perturbations arising in Λ (Y M) and Λ (H) , with exception of the terms involving L − A α . Hence, one either has to adopt the harmonic gauge, A = αL, for which the operator is symmetric but the kinetic energy is not definite (see section II C), or the maximal slicing condition, L = 0, for which the operator acting on L ij is hyperbolic and symmetric, but the perturbed lapse is still present. As in the gravitational case, we adopt the maximal slicing condition.
D. Summary
The linearized EYMH equations (with arbitrary compact gauge group) for a static, purely magnetic background, yield a hyperbolic, formally self-adjoint operator for the variation of the extrinsic curvature, the electric one-form and the Higgs momentum. All these quantities are invariant with respect to both infinitesimal gauge transformations of the gauge fields and infinitesimal coordinate transformations within the slices Σ t . The wave operator is constructed from appropriate combinations of the linearized ADM equations, as defined in Eqs. (26) and (49). In the maximal slicing gauge, the evolution equations are described by the trace-less part of the tensor Λ ij , given in Eq. 
, where the momentum constraint and the background equations have been used as well. At least in the pure EYM case, this equation is always solvable, since either 2R 00 = GTr(F klF kl ) > 0 and the operator on the left is invertible or the magnetic field vanishes and the equation reduces to its vacuum counterpart (37). In the presence of Higgs fields further investigations are needed, since R (H) 00 = −2GV is negative in that case (i.e. the strong energy condition does not hold for the Higgs part of the stress-energy tensor). In some relevant situations, however, the trace equation causes no problems: In particular, this equation is void for odd-parity perturbations of a spherically symmetric background.
Finally, it is also instructive to compute the differentiated Hamilton constraint, defined as in (35)-with G µν replaced by G µν − 8πGT µν . This yields αΛ 00 = −∇ j C j , where C j are the constraint variables defined in Eq. (48). The system of equations defined by
As Λ 00 = 0 holds by virtue of the momentum constraint, this again implies that all terms involving the amplitude A in the remaining equationsΛ ij , Λ
and Λ (H) are orthogonal to the (momentum-) constraint manifold. Therefore, the variation of the lapse does not appear if the evolution equations are projected on the constraint manifold. The initial value problem is solved similarly to the vacuum case, see section III A.
V. THE COUPLING TO PERFECT FLUIDS
At a first glance, it may be surprising that our formulation also applies to perfect fluids. It is, however, known [21] that Lagrangian formulations exist in this case. As we show in Appendix B, the linear fluctuations of a selfgravitating perfect fluid are described by the linearized metric and the Lagrangian displacement vector. If the background is static, it will be shown that the wave operator acts on the components of the extrinsic curvature and the time-derivative of the displacement vector.
A. The ADM equations
The stress-energy tensor for a perfect fluid is given by
where u is a time-like vector field, describing the fluid's motion, normalized such that g(u, u) = −1. The fields ρ and P denote the energy density and the pressure of the fluid, respectively. The ADM split of u is given by
where γ −2 = 1 −ḡ (v, v) and e 0 is the previously introduced normal unit vector field orthogonal to Σ t . We choose the sign of γ such that the fluid flows in the same direction as e 0 .
The relativistic Euler equations are obtained from
where 
Here, we have assumed that the shift vector β vanishes, such that u i = γv i . For linear perturbations of a static background there is no loss of generality in doing so since we will choose a gauge with δβ = 0. The stress-energy tensor gives T 00 = γ 2 (ρ + P ),
In order to get a closed system of equations, an equation of state is needed as well. In the following we will only assume that this has the form P = P (ρ).
B. Coordinate-invariant quantities
For a static background one has G i0 = 0, and it is consistent to set u i = 0 (i.e. the flow is static). The ADM equations then reduce to
Under an infinitesimal coordinate transformation generated by (X µ ) = (f, X i ) one has the following behavior:
Therefore, δu i is a vector-invariant quantity, and using (13), we may also construct the vector-invariant amplitudes
Using the transformation properties of δu i it is tempting to construct full coordinate-invariant amplitudes. These correspond to Lagrangian deformations of g, ρ and P (see Appendix B). Moreover, it turns out that using the relations (B5), one can find a wave equation for ∆g ij alone. Unfortunately, the resulting pulsation equation is not symmetric.
The correct quantities to evolve -from the philosophy adopted in this paper -are the vector-invariant quantities δK ij and δu i . This is motivated by the fact that for a static background, the second relation in (B5) yields αδu i =ξ i .
C. The linearized equations
We start with the linearization of the relativistic Euler equations (55) and (56). As before, we make use of the gauge freedom in order to set δβ = 0. Noting that γ is quadratic in u i and that u i vanishes on the background, we obtain
Also using the background equation (60), the linearization of equation (55) gives
Defining the speed of sound c s by c 2 s = ∂P/∂ρ, we also have
[The above equations also follow from the relations (B5) derived in Appendix B.] Finally, using the fact that P is a function of ρ only, the linearization of equation (56) yields
An evolution equation for δu i is obtained after differentiating this equation with respect to t and eliminating δṖ using equation (62). Defining B = α
and recalling that L = αδK, A = δα, we find
Furthermore, equation (63) yields the following circularity condition:
This condition would also allow to introduce a potential Φ, defined by W i = B∇ i Φ. However, in order to obtain symmetric equations, it turns out to be necessary to formulate the pulsation equations in terms of δu i rather than Φ. The condition (66) is, therefore, kept as a constraint equation for the system. That this constraint propagates is obvious from Eq. (65). The circularity condition is used to cast the evolution equation into a hyperbolic and symmetric form. Indeed, taking a time derivative and using Eq. (66), one can rewrite Eq. (65) in a manifestly hyperbolic form without destroying the symmetry:
In order to complete the pulsation equations, we have to compute the linearized stress-energy tensor. Using (57) and (62) in the expression for Λ ij -defined in (26) with G µν replaced by G µν − 8πGT µν -we find
where Λ V ij is defined in (27). In order to obtain symmetric equations, we use the linearized momentum constraint,
Defining
we finally obtain
This shows that, with the exception of the last term involving L − A α , the matter perturbations arising in Λ ij perfectly fit together with the gravitational perturbations arising in Λ (F ) . Like in the vacuum case, we now adopt the maximal slicing gauge L = 0. The evolution equations for L ij and W i are given by the trace-less part of Λ ij and Λ (F ) , where one sets L = 0. The constraint equations comprise the linearized momentum constraint, (69), and the circularity condition, (66). The trace part of Λ ij yields the following equation for A:
with R 00 = 4πG(ρ + 3P ). Here, the momentum constraint has been used in order to simplify the equation.
As long as ρ + 3P is positive, the operator on the LHS is invertible and thus the equation for A is solvable. The differentiated Hamilton constraint -defined in Eq. (35) with G µν replaced by G µν − 8πGT µν -yields
The system of equations defined by (Λ 00 ,Λ ij , Λ (F ) ) is symmetric in the amplitudes u ≡ (A, L ij , W i ) with respect to the inner product
As before, Λ 00 = 0 is satisfied by virtue of the momentum constraint and, as a consequence, the variation of the lapse does not appear if the wave operator is projected onto the constraint manifold. Finally, the evolution equationsΛ ij = 0 and Λ (F ) = 0 can be written in a manifestly hyperbolic form by a further differentiation with respect to t, as we have shown above. The initial value problem is solved similarly to the vacuum case.
VI. CONCLUSION
We have shown that the perturbation equations governing linear fluctuations on a static background can be cast into the form of a constraint symmetric wave equation for gauge-invariant quantities. In particular, we have discussed the initial value formulation for vacuum fluctuations of vacuum space-times, where the adapted gaugeinvariant quantities are the components of the linearized extrinsic curvature tensor. For a spherically symmetric background, the constraint equations have been eliminated in a natural way, and the equations of ReggeWheeler and Zerilli were rederived. An important new feature of the curvature-based perturbation formalism presented in this paper is that it admits a natural generalization to gravitating matter fields.
As a first example, the pulsation operator governing fluctuations on a static, purely magnetic EYMH configuration were derived for an arbitrary compact gauge group. These pulsation equations are expected to be valuable in order to discuss the stability of spherically symmetric solutions to the EYMH equations with respect to non-spherical symmetric perturbations. In a forthcoming article [13] , we will show that the BartnikMcKinnon solitons [14] and the corresponding black holes with hair [15] admit no unstable modes in the odd-parity sector with total angular momentum ≥ 1. It should also be interesting to generalize the investigations to solutions with Higgs fields or with a negative cosmological constant [16] , since some of these solutions are known to be linearly stable with respect to radial perturbations. Also, the stability of new static, axially symmetric configurations [17] can be discussed within the new framework.
In a second example, we have shown that a symmetric formulation of the equations governing linear fluctuation of a self-gravitating perfect fluid exists. Provided that the constraint and the dynamical variables can be decoupled in a "symmetric way", the resulting equations are expected to be useful in order to study the stability of static, relativistic stars, or the emission of gravitational waves from pulsating neutron stars [18] , [19] . In order to discuss the fluctuations of rapidly rotating configurations, it is our aim to generalize the curvature-based approach to general stationary, i.e. non-static, background configurations. However, this requires further investigations, since the derivation of the wave operator must be generalized to cases where the extrinsic curvature of the background no longer vanishes.
Finally, we mention that the symmetric formulation could also be useful for second (or higher) order perturbation theory, since the n'th order perturbation is governed by the same wave operator as the first oder perturbation, but with a source term depending on perturbations up to order n − 1.
APPENDIX A: DERIVATION OF THE REGGE-WHEELER AND ZERILLI EQUATIONS
In this Appendix, we specialize the general formalism to a static spherically symmetric background and show how to project the wave operator onto the momentum constraint manifold. This will result in a new -and transparent -derivation of the Regge-Wheeler and the Zerilli equations.
A convenient parametrization of the spherically symmetric 3-metric isḡ
where x is a radial coordinate and whereĝ = dΩ 2 is the standard volume element on S 2 . The field r and the lapse α are functions of x only. The Christoffel symbols with respect toḡ becomē 
where capital indices refer to coordinates on the 2-sphere, and a prime denotes differentiation with respect to x. The components of the Riemann tensor are given bȳ The solutions to these equations are, of course, the Schwarzschild solutions
where m is constant. Our aim is to write the wave operatorΛ ij in terms of the background metric (A1). Since the background is spherically symmetric and invariant under parity reflection, x → −x, we can perform a multipole decomposition in the odd-and the even-parity sectors separately. As this decomposition can be done in an orthonormal manner, the resulting wave equations will be symmetric again.
The odd-parity sector
The symmetric tensor field L ij can be expanded in terms of spherical tensor harmonics. In Appendix D of Ref. [3] we have shown how these tensor harmonics can be obtained from the standard scalar spherical harmonics Y m . Since the background is spherically symmetric, perturbations belonging to different and m decouple; in the following we shall therefore suppress these indices.
In the odd-parity sector, the expansion is given by where we have defined λ = ( − 1)( + 2). Since the perturbation of all scalar quantities vanishes in the oddparity case, u 1 and u 2 are coordinate-invariant and the perturbation of the lapse vanishes. As a consequence, we obtain a symmetric wave equation for the amplitudes u 1 and u 2 . Introducing (A4) into the wave equationΛ ij = 0 defined as in (34) gives
Thus, the constraint variables decouple from the dynamical variables, and the wave equation governing the dynamical degree of freedom is exactly the Regge-Wheeler equation [8] . It is also worthwhile noting that the spatial part of the wave operator can be factorized as B † B, with B regular. This implies that the Schwarzschild solution is linearly stable in the odd-parity sector. It turns out that this factorization can be generalized in the presence of a SU(2) Yang-Mills field. This then implies the absence of non-spherically symmetric unstable odd-parity modes for the Bartnik-McKinnon solitons [14] and the corresponding black holes with hair [15] [13].
The even-parity sector
In the even-parity sector L ij is expanded according to
L AB = −n 3 h e The basis is chosen such that L ij is trace-less and or Here, we have also defined the adiabatic index γ = ∂ log P ∂ log n = n 3 P ∂ 2 u ∂v 2 , and q αβ = g αβ + u α u β . These relations, which are wellknown (see, e.g., [22] ), imply that the Lagrangian perturbations of the particle conservation equation and the continuity equation are fulfilled. More precisely, we have
where θ = ∇ µ u µ .
